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Classical analytic solutions of the non-stationary Navier-Stokes equation in two, three
and higher dimensions
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(Dated: September 10, 2018)
In this paper we present a method to derive classical solutions of the Navier-Stokes equations for
non-stationary initial value problems in domain Rn (n = 2, 3 or higher). Exact solutions in R2 and
R
3 in the presence of an externally specified force are obtained by imposing certain restrictions on
the initial data.
I. THE FUNDAMENTAL PROBLEM
The motion of incompressible Newtonian fluids are de-
scribed by the Navier-Stokes equations[1, 2]. These equa-
tions are an expression of Newton’s second law, and in
the presence of an external force they are
∂vi
∂t
+ gi = κ∆vi − 1
ρ
∂p
∂xi
+ fi x ∈ Rn, t > 0 (1)
div v =
n∑
i=1
∂vi
∂xi
= 0 x ∈ Rn, t > 0 (2)
where
gi =
n∑
j=1
vj
∂vi
∂xj
(3)
is the nonlinear inertial force, vi (x, t) is the velocity
field evaluated at point x ∈ Rn at time t > 0, p is
the pressure field, fi (x, t) are the components of an
externally applied force, ρ is the constant density of
the fluid, κ is the positive coefficient of kinematical
viscosity and ∆ =
∑n
i=1
∂2
∂x2
i
is the Laplacian in the
space variables.
The initial conditions are
vi (x, 0) = v
0
i (x) x ∈ Rn (4)
v0i (x) is a given, C
∞ divergence-free vector field on
R
n. Henceforth, the superscript 0 is used to denote
the value of a function at time zero. It is important
to note that prescribing pressure at the initial time in-
dependent of velocity would render the problem ill-posed.
Conservation law implies that the energy dissipa-
tion of a viscous fluid is bounded by the initial kinetic
energy which is finite and therefore the solution must
satisfy ∫
Rn
|v (x, t)|2dx < C t > 0 (5)
The objective of the present paper is to determine exact
solutions of v (x, t), p (x, t) to the system of equations
(1)− (4).
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II. A SOLUTION OF THE PROBLEM
R
n = {−∞ < xi <∞; i = 1, 2, ..., n}
Assuming that the divergence and the linear opera-
tor can be commuted, the pressure field can be formally
obtained by taking the divergence of equation (1) as a
solution of the Poisson equation, which is
∆p = ρ
n∑
i=1
∂ (fi − gi)
∂xi
(6)
Equation (6) is called the simplified pressure Poisson
equation (PPE). The use of PPE in solving the Navier-
Stokes equation is discussed in an illuminating paper
by Gresho & Sani[3]. It is important to note that
while equations (1) and (2) lead to the pressure Poisson
equation (6), the reverse; that is, equations (1) and (6),
do not always lead to equation (2). We therefore, in
deriving exact solutions of the Navier-Stokes equations,
ensure that the velocity vector field remains solenoidal
at all times.
The general solution of the Poisson equation (6)
is
p = − ρ
2pi
∫
R2
P (y, t) ln
(
1√
Pn (x, y)
)
2∏
j=1
dyj , n = 2,
p = − ρΓ
(
n
2
)
2 (n− 2)pi n2
∫
Rn
P (y, t)
{Pn (x, y)}
n−2
2
n∏
j=1
dyj , n > 3 (7)
where Γ (z) =
∫
∞
0
e−uuz−1du [ℜz > 0], is the Gamma
function,
P (x, t) =
n∑
j=1
∂ (fj − gj)
∂xj
(8)
and
Pn (x, y) =
n∑
j=1
(xj − yj)2 (9)
Differentiating equation (7) with respect to xi we get
∂p
∂xi
=
ρΓ
(
n
2
)
2pi
n
2
∫
Rn
(xi − yi) P (y, t)
{Pn (x, y)}
n
2
n∏
j=1
dyj , n > 2 (10)
2Substituting for ∂p
∂xi
in equation (1) we get
∂vi
∂t
= κ∆vi −
Γ
(
n
2
)
2pi
n
2
∫
Rn
(xi − yi) P (y, t)
{Pn (x, y)}
n
2
n∏
j=1
dyj +
+ fi − gi n > 2, x ∈ Rn, t > 0 (11)
The difficulty in solving the system of equations (1)− (4)
stems from the presence of the nonlinear term gi. We
therefore recast the Navier-Stokes equation (11) as:
∂vi
∂t
= κ∆vi + Fi(x, t)− Ui (v) x ∈ Rn, t > 0 (12)
where
Ui (v) = gi −
Γ
(
n
2
)
2pi
n
2
∫
Rn
(xi − yi)
n∑
k=1
∂gk(y,t)
∂yk
{Pn (x, y)}
n
2
n∏
j=1
dyj ,
x ∈ Rn, t > 0 (13)
Fi(x, t) = fi −
Γ
(
n
2
)
2pi
n
2
∫
Rn
(xi − wi)
n∑
k=1
∂fi(w,t)
∂wk
{Pn (x,w)}
n
2
n∏
j=1
dwj ,
x ∈ Rn, t > 0 (14)
vi ≡ vi (x1, x2, ..., xn, t), Ui (v) ≡ Ui (v1, v2, ...vn) and
Fi (x, t) ≡ Fi (x1, x2, ..., xn, t). Due to the solenoidal
nature of the velocity field, the initial form of Ui (v) is
preserved at all times.
The three terms on the right hand side of equation
(12) are associated, respectively, with the linear viscous
force, the externally applied force and the nonlinear
inertial force. The nonlinearity of the problem is isolated
within Ui (v) which we, henceforth, refer to as the
umbilical force. The formulation separates the smooth
and non-smooth parts of the Navier-Stokes equation.
The latter, the nonlinear part, may render the solution
to have discontinuities[4–6].
A. Exact solutions
A posteriori we state that there exists an exact
solution of the Navier-Stokes equation in Rn if the
umbilical force Ui (v), defined by equation (13), is either
a function of time only or equal to zero.
If the initial conditions v0i (x) and the components
of the externally applied force fi (x, t) are chosen such
that the umbilical force Ui (v) ≡ Ai (t), a function of time
only, and the incompressibility of the fluid is enforced
at all times, then, the solution of the non-homogeneous
diffusion equation[7]
vi =
1(
2
√
piκt
)n
∫
Rn
v0i (y) e
−
n∑
k=1
(xk−yk)
2
4κt
n∏
j=1
dyj +
+
1
(2
√
piκ)
n
∫
Rn
t∫
0
Fi (y, τ) e
−
n∑
k=1
(xk−yk)
2
4κ(t−τ)
(t− τ )n2
dτ
n∏
j=1
dyj
+
t∫
0
Ai (τ)dτ (15)
is a solution of the Navier-Stokes equation (12).
We make the following remarks on equation (15):
(i) In the lim
t→0
vi the first term on the right hand-
side of equation (15) approaches v0i and the second and
the third terms vanishes.
(ii) The functional form of the recurring term
e−
∑n
k=1
(xk−yk)
2
4κt is C∞ in (x, t), t > 0, which im-
plies real analytic control on vi. The solution is smooth.
(iii) In order to satisfy (5),
∫ t
0 A (τ)dτ must be in-
tegrable and bounded in any given interval of time.
(iv) If fi (x, t) = Gi (t), a function of time only,
then, the second term on the right hand side of equation
(15) may be replaced by
∫ t
0
Gi (τ)dτ . In order to satisfy
(5),
∫ t
0
Gi (τ)dτ must be integrable and bounded in any
given interval of time.
(v) Since the div v0i = 0, fi (x, t) = Gi (t) v0i (x) is
also divergence free.
(vi) If Fi (x, t) set to zero, that is
fi =
Γ
(
n
2
)
2pi
n
2
∫
Rn
(xi − wi)
n∑
k=1
∂fi(w,t)
∂wk
{Pn (w, x)}
n
2
n∏
j=1
dwj (16)
then, the second term on the right hand-side of equa-
tion (15) vanishes and the solution of the Navier-Stokes
equation (12) reduces to that of the Cauchy diffusion
equation[8], which is
vi =
1(
2
√
piκt
)n
∫
Rn
v0i (y) e
−
n∑
k=1
(xk−yk)
2
4κt
n∏
j=1
dyj (17)
We verify the authenticity of the aforementioned asser-
tions by deriving exact solutions in R2 and R3, though in
R
2, similar assertions have been known for a long time[9].
For the sake of simplicity we have considered the
3umbilical force Ui (v) ≡ 0; that is,
gi =
Γ
(
n
2
)
2pi
n
2
∫
Rn
(xi − yi)
n∑
k=1
∂gk
∂yk
{Pn (x, y)}
n
2
n∏
j=1
dyj (18)
Exact solutions in R
2
R
2 = {−∞ < xi <∞; i = 1, 2}
Problem(i) v01 = sin (pix1) cos (pix2),
v02 = − cos (pix1) sin (pix2) and f1 = f2 = 0.
Substituting for v01 and v
0
2 in equations (3) and
(18) we get
g0i =
1
2pi
∫
R2
(xi − yi)
2∑
k=1
∂g0k(y,t)
∂yik
P2 (x, y)
n∏
j=1
dyj=
pi
2
sin (2pixi) (19)
resulting in U0i
(
v0
)
= Ui (v) ≡ 0. We obtain v (x, t),
p (x, t) from equations (17) and (7):
v1 = sin (pix1) cos (pix2) e
−2pi2κt (20)
v2 = − cos (pix1) sin (pix2) e−2pi
2κt (21)
and
p = −ρe
−4pi2κt
4
[cos (2pix1) + cos (2pix2)] (22)
which is the two dimensional Taylor vortex solution[10].
The identities used to evaluate the integrals in equation
(17) may be found in Gradshteyn and Ryzhik[11].
Problem(ii) v01 = sin (pix1) cos (pix2),
v02 = − cos (pix1) sin (pix2) and f1 = G (t) v01 ,
f2 = G (t) v02 . G (t) a function of time only and
e−2pi
2κt
∫ t
0
G (τ) e2pi2κτdτ is integrable in any given
interval.
We obtain v (x, t), p (x, t) from equations (15) and
(7):
v1 = sin (pix1) cos (pix2)Ω (t) e
−2pi2κt (23)
v2 = − cos (pix1) sin (pix2)Ω (t) e−2pi
2κt (24)
and
p = −ρΩ
2 (t) e−4pi
2κt
4
[cos (2pix1) + cos (2pix2)] (25)
where
Ω (t) = 1 +
∫ t
0
G (τ) e2pi2κτdτ (26)
We note that the solution satisfies the necessary condi-
tion given by equation (18)
gi =
1
2pi
∫
R2
(xi − yi)
2∑
k=1
∂gk(y,t)
∂yk
P2 (yj , xj)
n∏
j=1
dyj
=
pi
2
sin (2pixi)Ω
2 (t) e−4pi
2κt, i = 1, 2 (27)
resulting in the umbilical force Ui (v) ≡ 0.
Exact solutions in R
3
R
3 = {−∞ < xi <∞; i = 1, 2, 3}
Problem(i) v01 = a sinpix3 − c cospix2,
v02 = b sinpix1 − a cospix3, v03 = c sinpix2 − b cospix1 and
f1 = f2 = f3 = 0. a, b and c are real constants.
Substituting for v01 , v
0
2 and v
0
3 in equations (3) and
(18) we get
g01 =
1
4pi
∫
R3
(x1 − y1)
3∑
k=1
∂g0k(y,t)
∂yk
{P3 (x, y)}
3
2
3∏
j=1
dyj
= pi{bc sin (pix1) sin (pix2)−ab cos (pix1) cos (pix3)} (28)
g02 =
1
4pi
∫
R3
(x2 − y2)
3∑
k=1
∂g0k(y,t)
∂yk
{P3 (x, y)}
3
2
3∏
j=1
dyj
= pi{ac sin (pix2) sin (pix3)−bc cos (pix1) cos (pix2)} (29)
g03 =
1
4pi
∫
R3
(x3 − y3)
3∑
k=1
∂g0k(y,t)
∂yk
{P3 (x, y)}
3
2
3∏
j=1
dyj
= pi{ab sin (pix1) sin (pix3)−ac cos (pix2) cos (pix3)} (30)
Hence, the umbilical force U0i
(
v0
)
= Ui (v) ≡ 0. We
obtain v (x, t), p (x, t) from equations (17) and (7):
v1 = {a sin (pix3)− c cos (pix2)} e−pi
2κt (31)
v2 = {b sin (pix1)− a cos (pix3)} e−pi
2κt (32)
v3 = {c sin (pix2)− b cos (pix1)} e−pi
2κt (33)
and
p = −ρe−2pi2κt [bc cos (pix1) sin (pix2)+
+ ab cos (pix3) sin (pix1) + ac cos (pix2) sin (pix3)] (34)
which is the non-stationary solution of the Navier-Stokes
equation for the Arnold-Beltrami-Childress (ABC) flow
previously studied by Dombre et al.[12] for stationary
solution of Euler’s equation.
4Problem(ii) v01 = a sinpix3 − c cospix2,
v02 = b sinpix1 − a cospix3, v03 = c sinpix2 − b cospix1 and
f1 = G (t) v01 , f2 = G (t) v02 , f3 = G (t) v03 . G (t) a function
of time only.
We obtain v (x, t), p (x, t) from equations (15) and
(7):
v1 = {a sin (pix3)− c cos (pix2)}Ω (t) e−pi
2κt (35)
v2 = {b sin (pix1)− a cos (pix3)}Ω (t) e−pi
2κt (36)
v3 = {c sin (pix2)− b cos (pix1)}Ω (t) e−pi
2κt (37)
and
p = −ρΩ2 (t) e−2pi2κt [bc cos (pix1) sin (pix2)+
+ ab cos (pix3) sin (pix1) + ac cos (pix2) sin (pix3)] (38)
where
Ω (t) = 1 +
∫ t
0
G (τ) epi2κτdτ (39)
We note that the solution satisfies the necessary condi-
tion given by equation (18)
g1 =
1
4pi
∫
R3
(x1 − y1)
3∑
k=1
∂gk(y,t)
∂yk
{P3 (x, y)}
3
2
3∏
j=1
dyj
=pi{bc sinpix1 sinpix2−ab cospix1 cospix3}Ω2(t)e−2pi
2κt
(40)
g2 =
1
4pi
∫
R3
(x2 − y2)
3∑
k=1
∂gk(y,t)
∂yk
{P3 (x, y)}
3
2
3∏
j=1
dyj
=pi{ac sinpix2 sinpix3−bc cospix1 cospix2}Ω2(t)e−2pi
2κt
(41)
g3 =
1
4pi
∫
R3
(x3 − y3)
3∑
k=1
∂gk(y,t)
∂yk
{P3 (x, y)}
3
2
3∏
j=1
dyj
=pi{ab sinpix1 sinpix3−ac cospix2 cospix3}Ω2(t)e−2pi
2κt
(42)
resulting in the umbilical force Ui (v) ≡ 0.
Problem(iii) v01 = a sinpix3 − c cospix2,
v02 = b sinpix1 − a cospix3, v03 = c sinpix2 − b cospix1 and
f1 = fIe
−λt, fI and λ are constants, f2 = f3 = 0.
The umbilical force for this case is zero. We ob-
tain v (x, t), p (x, t) from equations (15) and (7):
v1 = {a sin (pix3)− c cos (pix2)} e−pi
2κt +
+
{
fIt, λ = 0
fI
λ
(
1− e−λt), λ > 0 (43)
v2, v3 and p are given by equations (32), (33) and (34)
respectively.
III. CONCLUDING REMARKS
Exact analytical solutions in R2 and R3 have been
developed for the case where the nonlinear umbilical
force vanishes by construction. It is shown that, if the
initial conditions and the components of the externally
applied force are chosen such that the umbilical force is
zero and incompressibility of the fluid is enforced at all
times, then the smooth solution of the diffusion equation
can also be a solution of the Navier-Stokes equation.
The solutions presented here satisfy (1), (2), (4),
(5) and p, v ∈ C∞ (Rn × [0,∞) ). For all solutions
presented here, the vorticity may be obtained from the
curl of the velocity.
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